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Abstract

This paper deals with the study of existence of mild solutions of the neutral impulsive
integrodifferential equations with finite delay in Banach spaces. The results are obtained via
semigroup theory and we use the Schaefer’s fixed point theorem to prove the main results.
Finally an example is provided to prove the obtained the results.
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1 Introduction

In this paper, we discuss the existence of mild solutions of nonlinear impulsive neutral integrod-
ifferential equations of Sobolev type of the form

d t t
T {Bu(t) -0 <t, ut,/ hi(t, s, us)ds)} = Au(t) + f(t,u) + g2 (t uh/ ha(t, s, us)ds>¢
i 0 0
teJ=10,a, (1.1)
ug = ¢ on [~r,0], (1.2)
Au(t;) = Li(ug), 1=1,2,--- ,my, (1.3)
where 0 < t; <ty < --- < t, < a, B and A are linear operators with domains contained in a

Banach space X7 and ranges contained in a Banach space Y. The functions g1,g2 : J x X x
X =Y hyhe: JxJIJxX =X, f:JxX =Y [,: X =Y are continuous functions,
where X = {¢ : [-r,0] = Y : ¢(¢) is continuous everywhere except for a finite number of
t; points at which 1(¢}) and ¥(t;) exist and 1(t;) = ¥(¢;)}. For any function v € PC and for
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any t € J , u; denotes the function in X defined by wu¢(6) = u(t + 6), 6 € [—r,0] where PC
defined later.

Neutral differential systems exist in different fields of applied mathematics and for this reason
these systems have been investigated in the last few decades. Many applications with delayed
argument exist in the derivatives of the state variable as well as in the independent variable,
so it is called neutral differential equations. A neutral functional differential equation is one in
which the derivatives of the ancient state or derivatives of functional of the ancient state are
involved as well as the present state of the system. For more details about the existence of
solution neutral functional differential equations, the readers can refer Hale and Verduyn Lunel
[10] and the references [2, 6, 7, 9, 11].

Balachandran et al. [3-5], Dauer et al. [9] examined the existence of solutions of nonlinear
neutral integrodifferential equations in Banach spaces. Hernandez et al. [11] acquired some
existence results for abstract degenerate neutral functional differential equations. Annapoorani
and Balachandran [1] analyzed the existence of solutions of partial neutral integrodifferential
equations in Banach spaces. Using the Schaefer fixed point theorem Balachandran et al. [6]
ascertained the existence results for nonlinear abstract neutral integrodifferential equation. The
existence of mild solutions of neutral evolution integrodifferential equations has been discussed
in [7].

Differential equations occur in many real world problems such as physics, population dy-
namics, ecology, biological systems, biotechnology, optimal control and so forth. Variety of work
has been done with the assumption that the state variables and systems parameters change
continuously. However, one may easily envision that hasty changes such as shock, harvesting
and disasters may exist in nature. These phenomena are short time perturbations. Comparing
to the duration of whole evolution process, its duration is negligible. Consequently, it is natural
to assume, in modeling these problems, that these perturbations act instantaneously, that is in
the form of impulses. The theory of impulsive differential equations [12, 16] is much wealthier
than the corresponding theory of differential equations without impulsive effects. The impulsive
condition

Au(ty) = u(t]) —u(ty) = Lu(t])),i = 1,2, ,my,

is a permutation of conventional initial value problems and short-term perturbations whose
duration is negligible in association with the duration of the process. Lin and Liu [14] studied
the iterative methods for the solution of impulsive functional differential systems. Sobolev type
of equations arise in various applications such as in the flow of fluid through fissured rocks,
thermodynamics, and shear in second-order fluids. For more details, we refer the reader to
8, 13, 18].

Motivated by the above approach, and inspired by works in [19], the goal of this paper is
to use the fixed point theorem to obtain the mild solutions of the nonlinear impulsive neutral
integrodifferential equations of Sobolev type.

In Section 2, we establish some preliminary results of the nonlinear neutral impulsive inte-
grodifferential equations of Sobolev type. In Section 3, we confer the existence of mild solutions
by the Schaefer fixed point theorem. In the last section, an application is given to demonstrate
the main results.

2 Preliminaries

In this section we recall some definitions, notations and results which are needed to establish
our main results. Throughout this paper, (X, ||-]|) is a Banach space. We denote C([0, a|, X) the
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space of all X-valued functions on [0, a With norm ||z|| = sup{||z(¢)|| : t € [0,a]}. We also intro-
duce the Banach space PC(J, R) = {x : [~r,a] — Y such that z(-) is continuous except for a finite numbe
of pointst; at which a:(t+) and z(t; ) exist and x(t; ) = z(t;) } with the norm

e]lpe = sup {|la(t)]| : £ € [~ral}.
The operators A: D(A) C X =Y and B: D(B) C X — Y satisfy the hypotheses:

(Hy) A and B are closed linear operators.
(H2) ( ) C D(A) and B is bijective.

(Hs) B~':Y — D(B) is continuous.
(

H,4) The resolvent R(\, AB™1) is a compact operator for some A € p(AB~!), the resolvent set
of (AB™1)

The hypotheses (Hy), (Hz2) and the closed graph theorem imply the boundedness of the
linear operator AB~1:Y =Y.

Lemma 2.1. (See [15]) Let T(t) be a strongly continuous semigroup and A be its infinitesimal
generator. If the resolvent R(A : A) of A is compact for some \ € p(A) and T(t)is continuous
in the uniform operator topology , then T(t) is compact.

From the above fact , AB~! generates a compact semigroup T(t), ¢t >0 on Y.

Definition 2.2. A solution u : (—r,a) — Y, a > 0, is called a mild solution of the Cauchy
problem (1.1)-(1.3) if

(i) uo =
(ii) the restriction of u(.) to the interval [0,a) is continuous;

(iii) for each 0 < t < a the function AB~'T(t — s)¢1 (s,us,fol h1(S,T,u-,—)dT), s € [0,t) is
integrable and

(iv) the integral equation
t
) = B0 (86~ 0 0.6,0]+ 5 an (1o, [ nr5,)as)
0
¢ ¢ t
+ / B7YAB7IT(t — s)¢ (s, us,/ hi(s,, uT)dT> ds + / B7IT(t — s)f (s,us)ds
0 0 0
¢
+/ B7T(t — 5)go <s7 us,/ ha(s, T, u,.)dT> ds + Z BT (t — t)Li(u(t;), teJ,
0 0<t;<t
is satisfied.

Assume the following hypotheses hold:

(Hs) The strongly continuous semigroup of bounded linear operators T'(t) generates by A is
compact and there exists a constant M > 1 such that ||7(¢)|| < M, for t > 0.

(Hg) There exist constants af, a3 > 0 and a3 > 0 with a; = max{aj, a3} such that
|AB~YT(t — 8)g1(t, ¢,v)|| < af||¢|| + a3|v|+ a3, forallt € J, ¢ € C, v € C and for az > 0,
||AB lT(tl — b)gl( NN ) AB_IT(tQ — 5)91(5,¢, U)” < (13(|t1 - t2|), for t1,t € J.



48 R. Poongodi, R. Murugesu and R. Nirmalkumar

(H7) For each s € J,u € C, the function hi(-, s,u) : J — X is completely continuous, the func-
tion hy(-, -, u) : J x J — X is strongly measurable and {¢t — hq(t, s, us)} is equicontinuous
in PC([0,a],Y).

(Hg) For each (t,s) € J x J , the function ha(t, s, -) : X — z is continuous and, for each v € X,
ha(-,-,u) : J x J = X is strongly measurable.

(Hg) For each t € J , the function f(¢,-) : X — Y is continuous and, for each u € X, the
function f(-,u): J — Y is strongly measurable.

(Hyo) For each t € J , the function go(t,-,-) : X x X — Y is continuous and, for each (u,v) €
X x X, the function go(-,u,v) : J =Y is strongly measurable.
(Hy1) There exist integrable functions «; : J — [0;00),i = 0, 1,2, such that
lg2(t, . v) || < cr(OT1(|lull) + a2(O)T2([lv]).t € J, u,v € X,
1f (& un)ll < ao()To([lucll), 0 <t < a5 u € X,

where I'; : [0,00) = (0,00),7 = 0, 1,2, are continuously differentiable nondecreasing func-
tions, such that lims_,o, [o(s) = oo, I‘;,i = 0,1,2, (the first derivative of I'; ) are also
nondecreasing and T'y(|| B4(0)|||B~!|M) > 0.

(H12) The function ¢; : J x X x X — Y is completely continuous and, for any bounded set D
in PC([-r,a], X), the set

{t—)gl (t,ut,/ hi(t, s, ug )d) U GD}

is equicontinuous in PC([0, a], Y'). There exist a1, az > 0 and ag > 0 with as = max{a7, az}
and ay € (0, IB—l_l—‘)such that [|g1(, &, v)|| < @1l|¢|+azl|v]| +as forallt € J, ¢ € X, v € X.
There exist k; : J x J — [0, oo) z = 1,2, differentiable a.e., with respect to the first

variable, such that fo i(t,5)ds, fo Si(t, s)ds are bounded on J and %i(t,s) > 0 for ae.,
0<s<t<a. Moreover

[hi(t, s,u)| < ki(t,8)01(JJu]]), 0<s<t<a, ueX,
|ha(t, s,u)| < ka(t,s)02(|[u]), 0<s<t<a, uelX,

where 6; : [0,00) — (0,00), i=1,2 are continuous nondecreasing functions.

—1 -1
(H13) Let p(t) = max {a(t),ﬁ(t), ];/[_“‘BB,‘J‘&?, 1‘_1‘33){1‘;2} such that

/a p(s)ds < /DO { [s+ 01(s) + To(s) + T1(s) + La(Loba(s))] {1 +
0 a

05(s)Ty(Lofa2(s) \ ™ <
O } o
where

- |B—1‘ ) t d
a(t) = MT”{%M(L t) +/0 ((12 L(t,s) + arks(t, s))ds}7
B( = kg(t t
7(t) = max{ao(t ) ( ) 2(1)}.
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Ly is a finite bound for fot ka(t,s)ds and b= Ty (To(po) + L1(po) + Talpo)) with

1 _ -1 —1— , -1
po:m[(nwnﬂlnmuzm)m \M + |B Y[az(1+ M) +|B " |alal.

(H14) The maps I; : X — Y are continuous and uniformly bounded. In the sequel ,we let
N; = sup{||Li(u(t;))| : v € X}.

Theorem 2.3. (Schaefer fixed point theorem)( See [17]) Let X be a convex subset of a
normed linear space V containing 0. If F' : X — Xis a completely continuous operator, then
either F has a fized point or the subset E(F) = {y € X : y = AFy for some\ € [0,1]}is
unbounded

We denote R = ||B7!|.

3 Existence results

This section deals with the existence of solutions for the problem (1.1)-(1.3).

Theorem 3.1. Assume that the hypotheses (Hy)-(H14) hold. Then, the problem (1.1)-(1.3)
admits a mild solution on [—r,al.

Proof. Consider the space PC, = PC([—r,a] : Y) endowed with the norm,
[ully = sup{[u(t)| : —r <t < a}

To prove the existence of mild solutions of (1.1)-(1.3), let us consider the nonlinear operator
equation,

u(t) = ANu(t), 0 <A <1
where N : PCp — PCy is given by

Nu(t) = B~ ( )[B¢ 71(0, &, 0)] + B! a (t ut,/o hl(t,s,us)ds>

¢ t
+/ BABIT(t — s)g1{ s, us, h1 (s, T, uT)dT) ds+/ B7YT(t — ) f(s,us)ds
0

+/0tB 1T(t—s)f<s Us, hg 8,7, uT)dr)ds+ Z BT (t — t)Li(u(t;), teJ

0 0<t;<t

Now

u(t)] = [ANu(?)]

1
< RM[||B¢| +axl|¢| + @3] +RazllutH+Ra—3+Raz/ ka(t, 5)01(|lus|)ds
0

t t s
+Ra1/ Husts—i—Ral/ (/ k1(3,7)61(||u7|\)d7'>ds+Ra§a
0 0 0

+ RM | ao(s)To(Jlus||)ds + R]\[/ a1 (s)T1(J|us|)ds
0

+RM/0ta2(S)F2 (/ (s, T)el(nufn)dr) ds+RM§N (3.1)

i=1

49
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Let us define the function [ by I(t) = sup{|u(s)| : —r < s < t},t € J, then from (3.1) and our
assumptions, we infer

I(t) < RM[||Bo|| + axl|¢|| + @3] + Rasl(t) + Ras + Ras /Ot ki(t,s)81(I(s))ds
+ Ray /Otl(s)ds + Ray /Ot (/OS k1(S,T)91(l(T))dT> ds + Rasa
+ RM /0 " ao(s)To(U(s))ds + RM /0 o1 ()T (1(s)ds

mi

+ RM /Ot a2(5)F2</ k1(s,7)01(1 (T))d7'> ds + R]\[ZN

i=1

The above estimate is still valid, if ¢* € [—r, 0], since I(t) = ||¢| and M > 1.
Hence,

t
1(t) < T ! {RM[HB¢||+a—1||<z>|\+a—3]+Ra—3+Ra2/ k1(t, 8)01(1(s))ds
— [tag 0

+ Ray /Otl(s)ds + Ray /Ut (/0 k1(5,7')01(l(7))d7'>d8 + Rala

+ RM /Ot ap(s)Lo(l(s))ds + RZ\/[/O a1(s)I'1(l(s))ds

+RM /0 t ag(s)r2< 05 kl(s,r)el(z(f))dr)ds+ RM%N,»}. (3.2)

i=1

Let us denote the right-hand side of (3.2) as m(t). Then, clearly,

1
m(0) = = {RM(HB¢|| +alol +2Nk) + Ras(1+ M) +Ra3a} .
k=1

and I(t) < m(t),t € J. In addition, we have

m/(t) = {Rag/ﬂ(t, t)01(1) + Raql(t)

1— Ra
+ Ral/ (t $)01(I(s))ds + Ray /Ot k1(t, s)01(1)ds
+ RMao(t)Fo(l(t)) + RMon (4)I1(1(2))

t
+RMa2t)F2< k2t592(l ) >}207f€J
0

Next, let n(t) be such that

Fo(n) = Fo(m) + I (m) +1I'y </0t kz(t, S)eg(m)ds) s
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we have m < n, and by differentiation, and (Hjz2), we get

ﬂmmﬂw:(mom+rxm0nf+m(lﬁﬂn@%umw)

t

X {kg(t,t)(?g(m)+ A %(t, 8)92(m)ds}

Ty(n) + I (n)
<10 1 )
S T Ray Ragki(t,t)01(n) + Rain + Rug/ aet, g) 61(n)ds

+ Ray /0 ot $)01(n)ds + RM~ (1) (Fo(n)+F1(7l)+F2( / o, s)@g(n)))}
+{k2(t,t)+/ ds}HQ ( n)/ ka(t, 5)d ) (3.3)

. /
More over, by our assumptions on I';, we have

Ty(n) > Ty(m) > Ty(po) > To(|| Bo|RM) > 0.

Oko
ot —=(t,s)

Therefore, (3.3)implies that

=158

RO t ok
4 - _11(:;;)2 <(1,2/i71 (f, t) + /O <(120—tl(f7 S) + a1k1(t7 S))ds)

. RM~(t) (Fo(n) +Ti(n)+ T2 (/Ut ka(t, 5)02(n)d5))}

1 — Ras
+ 19‘20((7;)) <k2(t7t)+ /0 5;: (t, ) dé,)rg (92(,1) /0 t ka1, s)ds),
By (His)
n(t) < (1+ Fll(“){f“}; +a(t)01(n)

To
(1)

T

0 )

(n
¢
{0[ o+ ) (1

e

)
Fo(n)+ () + T Tota(o)) ) |

Thus, for 0 <t < a,

51



52 R. Poongodi, R. Murugesu and R. Nirmalkumar

/nn(t) { [s +01(s) + To(s) + I'1(s) + 'z (LOHQ(-"))] (1 + F'1(9)> + 2 L <L092(S)> }_lds

y Lo(s) Ty(s)
< /0 p(s)ds
< /uoo { [+ 61(5) + To(s) + T1(s) + T2 (Lot (s) )| (1 i ?;8) N %Fé <L092(s)> }1d8.

This implies that n(f) must be bounded by some positive constant My on [0, al.
Consequently, ||u|l; < M;. We shall now prove that the operator N : PC, — PCy, defined by

Nu(t) = ¢(t), t € [—r,0]

Nu(t) = B7'T(¢t) [Bo — g1(0,¢,0)] + B7lg (t, ug, /Ot ha(t, .s,us)ds>

¢ ¢ ¢
+/ B 'AB7IT(t - s); (s,us,/ hi(s, T, uT)dT> +/ B7IT(t — s)f(s,us)ds
0 0

0

+/0tB_1T(t—s)gg<s,us,/0th2(s,7',uT)dT)ds+ S BTt — 1)L (u(th),

0<t; <t

is a completely continuous operator for all t € J . Let By = {u € PCy : ||u|| < ¢} for some ¢ > 1.
We first show that N maps By into equicontinuous family. Let u € By and t1,¢2 € [0,a]. Then,
if 0 <1 < t2 < a, (the other cases t; < ta < 0 and ¢; < 0 < t2 may be treated similarly), we
have

[(Nu)(t:) — (Nu)(t2)l| < R|[[T(t1) = T(t2)][BS — 910, ¢, 0)]

t1 to
g1 (tl,utl,/ hl(tl,s,us)ds) -0 (t2,Ut27/ hl(tg,s,us)ds>H
0 0

t1 s
+ R/ ‘ABilT(tl —5)g1 (s,us,/ hi(s,, UT)dT)
0 0
S
—AB7'T(ty — 8)gn <s,u5,/ hi(s, T, uT)dT> ‘
0

to
t1

- R/ol I T(t1 = s) = T(ta = )| (s, us) 1 ds

+R

ds

ds

ABflT(tg —$)g1 (s, Us, / ha(s,, ’LLT)dT> ‘
0

t2
i R/t 1T(t2 = $)[[I1f (s, us)llds

t
—+ R/ ' HT(tl — 5‘) — T(tg — S)” ds
0

go (s,us,/l ha(s, T, 11,T)d7'>’
0
to s
+R/ HT(tQ —S)H g2 <s,u5,/ h,z(s,T,uT)dT>
11 0

+R Y |T(t — ti) — T(ta — 1) N;

0<t; <t

ds
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< R[|[T(t1) = T(t2)l[Bé — 91(0, ¢, 0)]|

t1 to
<t1,ut1,/ hl(t1,s,us)ds> - g1 (tg,utz,/ hl(tg,s.,us)dé,’)
0 0

t1 to
+ Ra3/ |t1 - t2|d8 + R/ q1(8)d8
0

t1

|

+R‘ g1

t1 to
+R/ ”T(t1 —5)—=T(ta — s) ||q2 ds+R/ HT(tQ*S)HQQ(S)d&
0 t1

t1 to
+R/ |T(t1 = 5) = T(ta — s)||qs(s) ds+R/ |7(t2 = 5)||g3(s)ds
0 t1

+ R || T(h — ) = T(ta — )| N,

0<t; <t

where
q1(s) = aj[Jus|| +a§/ k1(s, 7)01(lur|))d7 + a3,
q2(s) = ao(s)To([lus|)

45(s) = ar ()T (Jus]) + a2<s>r2( / s, 7)92(|lus|\)d7)~

Since T'(t), t > 0, is compact and continuous in the uniform operator topology and by the
assumptions on k;, #;, I'; and the complete continuity of g;, the right-hand side of the above in-
equality goes to zero as (ta—t1) — 0. Therefore, the family {N By} is equicontinuous. Moreover,
for u in By,

INu(t)|| < B~

()| Bé — 91(0,6,0)| + B (1 /|B gu(s)ds

+ /0 BYT(¢ — 5)llga(s)ds + /0 IBYIT(t - s)llgs(s)ds
=S BT - ) Tu(u(t)]

0<t; <t

t 1
< R [|Bo] + @l + 5] + Rar(t) + R [ an(s)ds+ Rt [ (o)
0 0

—|—RM/ gs(s)ds + RM > Ni.

o<t <t

Hence N By is uniformly bounded, and consequently, according to Arzela-Ascoli’s Theorem, it
sufficient to show that NBy is precompact in X. Next for fixed ¢t € (0,a] and ¢, such that
0 < e < t. We define, for u € By,

(Neu)(t) = B
t—e t t—e
+ / BT1AB™T(t — s)g1 <s, us,/ hi(s, T, uT)dT> ds + / B7T(t — s)f(s, us)ds
0 0 0
t—e t
+/ BT(t - s)go (s,us,/ ha(s, T, uT)dT>ds+RM Z N;.
0

0<t;<t

t
_lT(t) [B¢ - 91(0, ¢, 0)] +B7lg (t, ut,/ hi(t, s, us)ds>
0

53
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As T'(t) is a compact operator, we see that N.Bg is precompact in X, for every ¢, such that
0 < € < t. On the other hand, we have

t

I(Vu)(t) — (New) (1)) < R / ds

t—e

¢
ABflT(t —5)g1 (s, us,/ hi(s, T, uT)dT> ’
0

¢
g2 (s,us,/ hg(s,nuT)dT)‘
0

t t t
< R/ q1(s)ds + RM q2(s)ds + RM q3(s)ds.
t

—€ t—e t—e

t t
+RM | £ (s, us)ds|| + RM

t—e t—c

ds

This shows that NB; may be arbitrarily approached by precompact sets and hence it is a
precompact subset of X.

Finally, we want to prove that N : PC, — PC, is continuous. Let {ux(t)}72, € PCp with
u, — w in PCp. Then there is an integer r such taht |juy(t)|| < r for all k and ¢ € J. So uy € By.
Moreover, by virtue of (Hg), (H11) and (Hy2), we obtain

¢ ¢
g1 <t7ukt,/ hl(t,s,uks)ds> - g1 (t, ut,/ hl(t,s,us)ds>H
0 0
¢
< 2{@-+a—2</ ka(t, 5)91(7')ds> +a_3},
0

([ £t ur,) = £(t,ur)| < 2a0(t)To(r),

||g2(t7u1€t7/0 hz(t,é’,uks))ds—92(t7ut7/0 ha(t, s, Us))H
< 2{e1()T1(r) + aa(t)T2(Loba(r))},

¢
HAB_lT(t -8 (t, Uk / hi(t, s, uks)ds> —AB7T(t — 5)gn <t, ut7/
0 0

< 2{@ + a3 (/Ot ki (t, s)@l(r)ds> + a;,}

From assumptions (Hg)-(Hyo) and (Hj2)

¢ ¢
n <t, Ukt,/ hl(t,s,uks)ds) =g (t, ut,/ hl(t,s,us)cts)7
0 0

f(f, “kz) - f(f 71’15)7

¢ ¢
go <t, Ukt,/ hg(t,s,uks)>ds — g2 <t, ut,/ hg(t,s,us)>,
0 0

¢ ¢
AB7IT(t — s)g1 (t, ukt,/ hi(t, s, uks)d$> — AB7YT(t — s)g1 (t, ut, / hi(t, s, us)ds),
0 Jo

t

ha(t, s, us)d3> ‘ ds

as k — oo , for each t € J. Also, we have

t t
[Nup — Nul|| < sup{HBi1 {gl (t, uk“/ hi(t, s, uk;)ds> - g1 <t7ut7/ ha(t, s,us)ds>} H
ted 0 0
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t S
+ / B! |:ABilT(t —$)g1 (s, uks,/ hi(s, T, ’Il,kT)dT)
0 0

- AB’IT(t —8)g1 (s, Ug, / ha(s,, uT)dT)] ds
0

+ /Ot B7YT(t — s)[f (s, up,) — f(S»Us)]H

t s
+ / B7T(t —s) {gg (s,uks,/ ’LQ(S,T,?LkT)dT)
0 0
S
— 92 <S7us7/ h2(877',u7.)d7'>:|d8
0
+ Y B_lT(t—ti){Ii(uk(ti))—I,»(u(t,»))] }
o<t <t
¢ ¢
g1 (Luk“/ h1(t78,uks)d5> - <f, Ut:/ hl(ESst)dS)H
0 0
+R/ {ABilT(f,— s)qn <s, uks,/ hi(s, T, ’ll,kT)dT>
0 0

- AB’IT(t —3)g1 (s, Ug, / ha(s,, uT)dT)] ds
0

+RJ\/[/ g2<s ukq,/ (s, 7, uk,) )
i)

+RM Y | Liuk(t:) — Ik(u(t7))H

0<t;<t

<R

(s, uk,) — f(s,us)

— g (s,us,/ ha(s, T, UT)dT>dS

—0as k— oo.

Thus from Dominated Convergence theorem , N is continuous and consequently, N is completely
continuous operator.

Finally the set §(N) = {u € PC : w = ANu, X € (0,1)} is bounded. Consequently by
Schaefer’s theorem the operator N has a fixed point in PCp. Thus the problem (1.1)-(1.3) has
at least one mild solution on [—r,al. O

4 An example

Consider the partial integrodifferential equations of neutral type
o t
T 2(t, x) — zga(t, x) —(—/

— 00

= zya(t,z) + p(t, 2(t, ) + f <t,z(x,t — r),/o a(t,s, z(z,s — r))ds) , z€(0,7], tel,
z(t,0) = z(t,7) =0, tel,

2(0,2) = p(x,t) —r<t<0,

Azl = Ii(2(2)) = (vi(2(x)) +4:) 7!, z€ X, 1<i<p, (4.1)

ai(s — t)z(s, x)ds]

where ¢ is continuous, a, a1, f are continuous functions and satisfy certain smoothness conditions.
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Take X =Y = L?[0; 7] and the constant +; is small. Let us take

7 <t,zt,/0t ha(t. s,.l's)ds> = —/_tooal(s—t)zt(s,x)ds,
f(t ) = pt, 2(t,2)),

g2 <t,xt,/0t ha(t, s,l’s)ds> =f <t,z(x,t7 7’),/(: h(t, s, z(z,s — 7))d,s) ,
Li(2(2)) = (i(2(x)) + )"
Define the operator A: D(A) C X - Y and B:D(B) C X - Y by
Az = —24y, Bz=2— 24,
where each domain D(A) and D(B) is given by
{z € X : z, 2z, are absolutely continuous, z;, € X, 2(0) = z(7) = 0}.

Then the above problem can be formulated abstractly as

Bt - on (1 [ e, gas) | = Aute) + 56,0 + 00 (120 [ attisizdas).

€ (07 a}, t # tg,
u(0) = ¢,
Aulty) = I(zy,), k=1,2,...,m, (4.2)

Then A and B can be written, respectively, as

[oo]
Az = Z n%(z, Zn)zn, 2 € D(A),
n=1
o0

Bz = Z(l +n){z, 20)zn, z € D(B),

n=1

where z,(z) = \/2/msin(nz), n = 1,2,..., is the orthogonal set of vectors of A. Furthermore
for z € X, we have

= —n?t
T(t)z = ; exp (m> (z, 2n) 2n.

It is easy to see that AB~! generates a strongly continuous semigroup T'(t) on Y and T'(t) is
compact such that ||T(t)|| < M and ||AB~'g(t, ¢, y)|| < M; for each ¢ > 0.

The function p : J x [0,7] — [0,7] is completely continuous and there exists a constant
n1 > 0 such that

llp(t, 2(t, )| < na.
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Also, the functions h : J x J x [0,7] — [0, 7] and f : J x [0, 7] x [0, 7] — [0, 7] are measurable
and there exist integrable functions 1,1y : J — [0,00) and I3 : J x J — [0, 00) such that

£z, o)l < L@Ta(llz]) + L@ 2(lyl),
|h,(f,,s,m)| < 13(t’ s)‘:I)l(HT”)v

where I'; : [0,00) — (0,00),i = 1,2. are continuously differentiable nondecreasing functions,
@y : [0,00) — (0, 00) is continuously nondecreasing function.
Let p(t) = max{b(t),|B~|Mq(t)} be such that

Li(s) | 1(s)

-1
FIQ(S)(LO‘I’l(S))} ds,

where

/ap(s)ds < /00 {[F1(s) + Ta(Lo®1(s))]
0 a
Als(t, s)

1
Th(s) " Tols)
b(t) = {lg(t, t) +/0 pT

ds} ,
q(t) = max{ly(t),la(t) }-
Ly is a finite bound for fg I3(t, s)ds and b = Ty *(I'1 (ap) + I'2(0)) with
ao = |B"YM [||B|| + n1] + | B~ Y1 + | B~ Mia.
Further, all the conditions stated in the Theorem 3.1 are satisfied. Hence the equation (4.1) has
a mild solution on [0, 7].
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